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Abstract
We study a homotopy invariant of phantom maps called the Gray index. In particular, it is conjectured that the
Gray index of an essential phantom map between ﬁnite-type spaces is always ﬁnite. We obtain some partial results
on this conjecture, using a tower-theoretic interpretation of the Gray index.
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1. Introduction and statement of results
Let X be a pointed CW -complex.A pointed map f fromX to another space Y is said to be a phantom
map if its restriction to the n-skeletonXn ofX is homotopic to the constant map for each n. The constant
map itself is, of course, a phantom map for trivial reasons. The ﬁrst example of an essential phantom map
was constructed byAdams andWalker [1]. Since then phantom maps have been studied in many settings.
We refer to McGibbon’s survey [12], for basic facts about phantom maps in unstable homotopy theory.
These maps induce the trivial homomorphism on homotopy, homology and cohomology groups, and so it
is difﬁcult to detect them or to distinguish one phantom map up to homotopy, from another. Fortunately,
numerical invariants can sometimes be used to make this distinction.
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One of the ﬁrst detailed studies of phantom maps was made by Brayton Gray in his thesis [5] almost
forty years ago. In particular, he introduced an invariant, which we now call the Gray index, as follows:
if f : X −→ Y is a phantom map, then for any natural number n, f can be extended over the cone on its
n-skeleton X ∪CXn. The extension is not unique in general, so one can ask whether there is a choice of
extension which is also a phantom map. The Gray index of f is, by deﬁnition, the maximum dimension
n for which such a phantom extension can be made. If it can be done for every n, then we say that f
has inﬁnite Gray index. It is easy to see that the Gray index is indeed a homotopy invariant of phantom
maps. Remarkably, it does not depend on the choice of the CW -structure on X (see [11] or [5, 8.3]).
Of course, the constant map is a phantom map with inﬁnite Gray index. On the other hand, there exist
essential phantoms CP∞ −→ S3 (this too was ﬁrst discovered by Gray [6]) and according to [11] (see
also [5, 3.1]), each such phantom map has index 1.
It is natural to ask whether every essential phantom map has ﬁnite Gray index. In his thesis, Gray
claimed that the answer was yes. However, there was a gap in his proof. In fact, recently, McGib-
bon and Strom [17] constructed an essential phantom map out of CP∞ with inﬁnite Gray index.
The target space in their example does not have ﬁnite type. This fact and their failure to produce a
counter example led them to suspect that Gray’s intuition is probably correct in the most important
case.
Conjecture 1.1. Every essential phantom map between ﬁnite type spaces has ﬁnite Gray index.
There are a few cases where this conjecture is known to be true. For example, when the target space, Y ,
has only a ﬁnite number of nonzero rational homotopy groups, or dually, when the domain, X, has only
ﬁnitely many nonzero rational homology groups. It is also true, [17], when [X, Ŷ ]=∗ where Ŷ denotes
Sullivan’s proﬁnite completion. This occurs, for example, when X is an Eilenberg–MacLane space and
Y is a ﬁnite complex (or its loop space) by Miller’s theorem [18].
The purpose of this paper is to prove in the afﬁrmative the above conjecture for a large collection of
spaces, which are known to be sources of phantom maps.
Theorem 1.2. Let X and Y be connected, nilpotent ﬁnite type spaces. If there is a rational equivalence
from Y to a bouquet of spheres, then any essential phantom f : X −→ Y has ﬁnite Gray index.
By a rational equivalence Y −→ W we mean a map which induces a homotopy equivalence be-
tween the rationalizations of the two spaces. Note that if Y has the rational homotopy type of a bou-
quet of spheres W , then there is a map in one direction W −→ Y which realizes this equivalence.
There may or may not be a rational equivalence going in the other direction; see [14] for exam-
ples. So the condition stated is stronger than the requirement that the rationalization Y0 be a
suspension.
Corollary 1.3. The conjecture is true when the target Y is one of the following:
(1) A bouquet of spheres.
(2) A suspension K where K is a connected ﬁnite complex.
(3) An iterated loop space of a space from the previous cases.
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Obviously, not every target Y has the homotopy type described in Corollary 1.3, but the next result
shows that every phantom in the ﬁnite-type case factors through such a space.
Corollary 1.4. If f : X −→ Y is an essential phantom map between ﬁnite type simply- connected
spaces, then it can be lifted
where f¯ is a phantom map with ﬁnite Gray index, W is a ﬁnite-type bouquet of spheres, and h induces
an epimorphism on homotopy groups.
Unfortunately, we have been unable to determine or limit the extent to which the induced morphism
h∗ raises the Gray index.
Let Ph(X, Y ) denote the set of homotopy classes of phantommaps fromX to Y . Our next result is more
algebraic and it requires a natural abelian group structure on Ph(X, Y ). Such a structure exists if X is a
suspension or if Y is a loop space. It was shown in [12, Theorem 5.2] that these integral conditions could
be relaxed to rational ones—at least in the ﬁnite type case. In this setting there is a curious connection
between torsion in the group Ph(X, Y ) and the Gray index.
Theorem 1.5. LetX and Y be ﬁnite type, nilpotent spaces where eitherX has the rational homotopy type
of a suspension or Y has the rational homotopy type of a loop space. These conditions induce a natural
abelian group structure on Ph(X, Y ). If this group has no elements of order p, for some prime p, then
every essential phantom map f : X −→ Y has ﬁnite Gray index.
According to a well-known theorem of Jensen [9], the abelian group Ph(X, Y ), if nontrivial, is divisible
and contains a rational vector space of uncountable rank. Furthermore, for each prime p, the p-torsion
summand is a direct sum of Z/p∞s. The p-rank of this summand is either ﬁnite or uncountable.
For example ifX=kZwhereZ has only ﬁnitelymany nonzero homotopy groups (i.e.Z is a Postnikov
section) and Y = jK where K is a ﬁnite complex, it is known that Ph(X, Y ) is often nonzero (see [12,
Section 5]) but we will show that it is always torsion free. This fact and Theorem 1.5 leads to a different
proof of:
Corollary 1.6. Let X = kZ where Z has only ﬁnitely many nonzero homotopy groups and Y = jK
where K is a ﬁnite complex. If k + j1, then all essential phantom maps kZ −→ jK have ﬁnite
Gray index.
Our proofs use the tower-theoretic approach to phantom maps and a new interpretation of the Gray
index in terms of towers. Section 2 begins with some new results on towers. We also present a new
example of a tower {Tn} which cannot be realized as {[Xn, Y ]} for any two spaces X and Y , thereby
answering a question raised by McGibbon and Steiner [16]. The main theorems and their corollaries are
then proved in the last two sections.
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2. Towers and the Gray index
Let G = {G1 ←− G2 ←− G3 ←− · · ·} be an inverse tower of groups, not necessarily abelian.
Following Boardman [2], we deﬁne the kth image subtower of G, denoted ImkG by letting ImkGn =
Image(Gn ←− Gn+k). This is also called the kth derived tower in [3], where it is denoted {G(k)n }. This
deﬁnition can be extended to any ordinal number; in particular, if  is the ﬁrst inﬁnite ordinal, then the
th image subtower of G is just the intersection of all kth-image subtowers for k = 1, 2, . . . . Bousﬁeld
and Kan established a short exact sequence of pointed sets
() ∗ −→ lim←−
1[Xn, Y ] −→ [X, Y ] −→ lim←−[Xn, Y ] −→ ∗
for any CW -complexes X and Y . Using this sequence, one identiﬁes the set of phantom maps with
this kernel and obtains Ph(X, Y ) ∼= lim←−
1[Xn, Y ]. Let Ph(X, Y ) denote the set of homotopy classes
of phantom maps from X to Y with inﬁnite Gray index. We will show that this subset has a similar
description.
Theorem 2.1. There is an isomorphism of pointed sets
Ph(X, Y ) ∼= lim←−
1
n
(Im[Xn, Y ]).
This result is implicit in [11, Theorem 2]. It is well known that for a tower of countable groups, the
cardinality of the lim←−
1 term is either 1 or 2. Consequently, when X and Y have ﬁnite type, the same
restrictions apply to the size of Ph(X, Y ) and Ph(X, Y ).
Let Gn = [Xn, Y ] hereafter. We will always assume that X and Y are nilpotent of ﬁnite type and
that each skeleton Xn is a ﬁnite complex. The groups Gn are then not only countable—they are ﬁnitely
generated and nilpotent as well. One might wonder if these conditions are enough to force lim←−
1
n
ImGn
to vanish. Later in this section we will show that the answer is no. But ﬁrst we begin with a lemma which
connects the subtower ImG with more familiar terms.
Lemma 2.2. For each integer n1, there is a natural exact sequence
lim←−G
n−→ ImGn −→ Ph(X/Xn, Y ) j
∗
n−→Ph(X, Y ) −→ lim←−
1
k
Imk Gn −→ ∗.
Proof. For each mn, the coﬁberings Xm −→ X −→ X/Xm induce a sequence of towers,=


=
[X, Y ] n+1−−−−−−→ Gn+1 n+1−−−−−−→
[
X/Xn+1, Y
] n+1−−−−−−→ [X, Y ]=


=
[X, Y ] n−−−−−−→ Gn n−−−−−−→
[
X/Xn+1, Y
] n−−−−−−→ [X, Y ]
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which is exact at the second and third towers. The ﬁrst and last towers are constant (with all structure
maps the identity). This condition forces the sequence of images
[X, Y ] −→ ImGn −→ Im[X/Xn, Y ] −→[X, Y ],
to be exact at the second and third places. The image of  can be identiﬁed with that of the usual projection
lim←−G
n−→Gn using the exact sequence () (with X replaced by X). The third term can be identiﬁed
with Ph(X/Xn, Y ). Indeed, each class f in Im[X/Xn, Y ] evidently factors
through a quotient whose connectivity can be arbitrarily large. Thus f must be a phantom map and
conversely, to every phantom there corresponds a sequence of such lifts.
It remains to identify the cokernel of . The coﬁbering
Xn −→ Xn+k −→ (X/Xn)n+k,
yields an exact sequence
[(X/Xn)n+k, Y ] −→ [Xn+k, Y ] −→ [Xn, Y ].
Note that the image of the last map is precisely ImkGn. Now let k= 1, 2, . . . to obtain an exact sequence
of towers 

[
(X/Xn)n+2, Y
] −−−−−−→ Gn+2 −−−−−−→ Im2Gn −−−−−−→ ∗

[
(X/Xn)n+1, Y
] −−−−−−→ Gn+1 −−−−−−→ Im1Gn −−−−−−→ ∗
Apply the functor lim←−
1 to this sequence of towers, and identify the ﬁrst two terms to get the diagram
Ph (X/Xn, Y )
j∗n−−−−−−→ Ph (X, Y ) −−−−−−→ lim←k
1 (ImkGn) −−−−−−→ ∗≈
∩
Im [X/Xn, Y ] −−−−−−→ [X, Y ]
The square commutes because both horizontal maps are induced by jn : X −→ X/Xn. The top line is
exact at the second and third places (use the 6 term lim←− − lim←−
1 sequence to see this) and so the cokernel
of jn can be identiﬁed with the remaining lim←−
1 term. 
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We now prove Theorem 2.1. From the deﬁnition of the Gray index it is clear that Ph(X, Y ) =
∩nImage(j∗n ). Now take the inverse limit as n −→∞ of the last three terms in the statement of Lemma
2.2 to obtain the exact sequence
∗ −→ ∩nImage(n) −→ lim←−
1Gn −→ lim←−n lim←−
1
k
(ImkGn).
Compare this exact sequence to the following:
∗ −→ lim←−
1
n
(ImGn) −→ lim←−
1
n
Gn −→ lim←−n lim←−
1
k
(ImkGn) −→ ∗,
which appears in [3, p. 256]. The conclusion of Theorem 2.1 follows. 
Given a tower of groups A1 ←− A2 ←− · · ·, under what conditions is it pro-isomorphic to a tower
{[Xn, Y ]|n= 1, 2, . . .} for some domain X and target Y ? McGibbon and Steiner raised this question in
[16]. Their starting point was the following basic result [15, Proposition 0.1].
Proposition 2.3. LetX and Y be connected nilpotentCW -complexes of ﬁnite type withG′n=[X,Y (n)].
Then for each n1,
(1) G′n is a ﬁnitely generated nilpotent group,
(2) the kernel of each G′n+1
pn−→G′n is central in G′n+1, and
(3) The cokernel of each pn is a ﬁnite abelian group.
In this result,Y (n) denotes thenth Postnikov section ofY . The towerG′ so deﬁned is isomorphic to Im1G
according to Gray [5, Lemma 8.14]. In particular,G′ andG (which depends on someCW -decomposition
of X) are pro-isomorphic. McGibbon and Steiner asked if any tower with the three algebraic properties
(1)–(3) is geometrically realizable up to pro-isomorphism. We will show the answer is no. There is at
least one more condition; it is described next.
Proposition 2.4. Let G = {[Xn, Y ]} where X and Y are nilpotent CW -complexes of ﬁnite type. Then
for each n, there is a natural isomorphism
ImGn ∼= Gn ∩ Image(lim←−Ĝ −→ Ĝn).
Here Ĝn is the completion of the nilpotent group Gn. Since Gn is ﬁnitely generated, the completion
map Gn −→ Ĝn is a monomorphism [3, p. 177], and we have identiﬁed Gn with its image in Ĝn.
Proof. Consider the diagram
[X, Y ] −−−−−−→ [Xn, Y ] −−−−−−→ [X/Xn, Y ]
 c∗

[
X, Ŷ
] i∗n−−−−−−→ [Xn, Ŷ ] −−−−−−→ [X/Xn, Ŷ ]
whose rows are exact; they are induced by the coﬁber sequence
X/Xn −→ Xn −→ X.
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The columns are induced by the homotopy completion Y −→ Ŷ . In particular, the middle column
represents the algebraic completion Gn −→ Ĝn by [3, p. 191]. The question is—what happens to the
subgroup ImGn under this map?
Recall from the proof of Lemma 2.2 that if f ∈ ImGn then (f ) : X/Xn −→ Y is a phantom map.
Since phantom maps become null-homotopic upon completion [12, Theorem 5] it follows by exactness
that c∗(ImGn) ⊂ i∗([X, Ŷ ]). This image can be identiﬁed with that of the usual projection lim←− Ĝ −→
Ĝn, just as in the proof of 2.2.
To obtain containment the other way, suppose f ∈ Gn with c∗(f ) in i∗([X, Ŷ ]). Then c∗((f ))= 0
by exactness and so (f ) is a phantom map, [12]. For each k it is null-homotopic on (X/Xn)n+k . Hence
there is an extension to the coﬁber
for each k1. Thus f ∈ ImGn as claimed. 
The following example is due to Emmanouil [4]. We think it is interesting for two reasons; it is the
simplest (and smallest) example we know of a tower T with nontrivial Im T . Secondly, it is the ﬁrst
example we have seen of a tower which satisﬁes the properties in Proposition 2.3 but not the conclusion
of Proposition 2.4.
Example 2.5. Let p and q be two different prime numbers. Let T = {Tn} be the inverse tower where Tn
is the direct sum of the groups in the nth column from the right-hand side:
The homomorphism p ⊕ q is multiplication by p and q, respectively, on each copy of Z, and the homo-
morphism  is just the addition (a, b) −→ a + b. The homomorphism on the term in the “diagonal” in
the nth row is multiplication by n.
Thus each Tn is free abelian group of rank 2n − 1 and each structure map Tn+1 −→ Tn becomes
an epimorphism when rationalized. So it is clear that this tower has the three properties listed in
Proposition 2.3.
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One can verify that the image subtower ImT is nontrivial. Indeed ImTn = Z, since for each n, the
equation 1= pnx + qny has integer solutions. The tower ImT is then seen to be
Z
2←−Z 3←−Z 4←−· · ·
which has a nontrivial lim←−
1 term (see [12, p. 1228]). On the other hand, the tower T is well-behaved under
completion. As expected, ImT̂ is
Ẑ
2←− Ẑ 3←− Ẑ 4←−· · · .
For any tower A one has lim←−A= lim←− Im
A and so, in particular, lim←− T̂ = 0 because Ẑ does not contain
any divisible element. Thus the tower T does not satisfy the conclusion of Proposition 2.4.
Our next result shows that the ranks of the terms An must grow arbitrarily large if the subtower ImA
is to have a nontrivial lim←−
1 term. This is the sense in which we regard Example 2.5 as small.
Proposition 2.6. Let A be a tower of groups that satisﬁes the properties listed in 2.3. If there exists a
ﬁnite N such that rank (An)N for all n sufﬁciently large, then ImA is a tower of epimorphisms and
hence has a trivial lim←−
1 term.
Proof. Since the structuremaps become surjectivewhen rationalizedwe see that at some stage rank(An)=
rank(An+k) for all k1. From this point on the structure maps must have ﬁnite kernels. We can now use
a classical argument: if x ∈ ImAn, then x has only a ﬁnite number of preimages in An+1. One of these
preimages must lie in the image of An+k for all k2 (if not, it would follow x /∈ ImA). Thus ImAn+1
maps onto ImAn. This argument adapts to the other terms as well. 
The situation described in 2.6 arises in practice when, for given X and Y , there are at most a ﬁnite
number of dimensions n where Hn(X)⊗ n(Y )⊗ Q = 0. The rational ranks of [X,Y (k)] then have
an upper bound independent of k. The results of this section provide proof (different from that in [17])
that Ph(X, Y ) = ∗ in this case. A special case worth mentioning is when Y is a sphere. Then there are
at most two n such that n(Y )⊗Q = 0. In the next section we will exploit the triviality of Ph(X, Sn)
in the proof of 1.2.
The proof of Theorem 1.2 also makes use of the following technical result which we view as a form of
relative Mittag–Lefﬂer condition.
Proposition 2.7. Let {Hn} 	−→{Gn} be an inclusion of tower of groups. If the tower of left cosetsG/H =
{Gn/Hn} is Mittag–Lefﬂer, then 	 induces a surjection in lim←−
1
.
In particular, this proposition applies when eachHn has ﬁnite index inGn for n sufﬁciently large. The
essential point is that we do not need to assume, for example, that Hn is normal in Gn, where 2.7 would
be an immediate consequence of the 6-terms lim←− − lim←−
1 sequence.
Proof. Recall that a tower isMittag–Lefﬂer iff it is pro-isomorphic to a tower of epimorphisms. Our proof
is divided in two steps. First, we prove the proposition for the case whenG/H is a tower of epimorphisms;
then we show how to reduce from the general case to this case.
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Now suppose that G/H is a tower of epimorphisms. This means that for each n, Gn = Im1Gn.Hn.
According to Bousﬁeld and Kan [3, IX.2.1], lim←−
1 of a tower of not necessary abelian groupsG={Gn} is
the set of equivalent classes of (gn) ∈∏Gn under the equivalent relation (gn) ∼ (hn) if for every n, there
exists xn ∈ Gn such that gn=xnhn(xn+1)−1. Here  denotes the structure map. Given g ∈∏Gn which
represents the equivalent class [g] in lim←−
1G, we need to show that there exist h ∈ ∏Hn and x ∈ ∏Gn
such that the above equation holds. Write it again in the form
(xn+1)h−1n = g−1n xn,
so that the left-hand side is in Im1Gn.Hn = Gn. It follows that given any xn ∈ Gn, we can always ﬁnd
hn ∈ Hn and xn+1 ∈ Gn+1 such that the above equation is satisﬁed. The required elements h and x can
be constructed inductively by repeating the above process.
We now consider the general case. If G/H is Mittag–Lefﬂer, then for each n, the image towers
Imk(Gn/Hn) stabilize when kkn for some kn sufﬁciently large. We can even choose so that kn is
an increasing sequence. Deﬁne two new towers by setting G′n = {Imkn Gn} and H ′n =Hn ∩G′n. Then
Imkn Hn ⊂ H ′n ⊂ Hn ⊂ G′n ⊂ Gn.
One can verify easily that H ′ and G′ are pro-isomorphic to H and G, respectively. Moreover, we claim
thatG′/H ′ is a tower of epimorphisms, so that we are back to the previous case. Indeed, by the choice of
kn, we have
Imkn+1(Gn/Hn)= Imkn(Gn/Hn),
which is equivalent to
Imkn+1 Gn/(Hn ∩ Imkn Gn)= Imkn Gn/(Hn ∩ Imkn Gn),
or we can write in terms of H ′ and G′ as
Im1G′n/H ′n =G′n/H ′n.
The last equality is exactly the statement that the structure maps of G′/H ′ are all epimorphisms. 
We mention in passing that 2.7 has a converse (see [10, Theorem 2.1.6]) under suitable countable
hypothesis, but we will not need it here.
We close this section with a well known result [12, Section 4] which will be used to show certain lim←−
1
terms vanish.
Proposition 2.8. Let A= {Ak} be a tower of countable groups. Then the following are equivalent:
(i) lim←−
1A ∼= ∗.
(ii) The tower {An} isMittag–Lefﬂer, i.e. for eachn, the image subgroups ImkAn stabilize for k sufﬁciently
large.
If in addition, the structure maps ofA have ﬁnite cokernels. Then there is a third equivalent condition:
(iii) The image of the projection lim←− A −→ An has ﬁnite index in An for each n sufﬁciently large.
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3. Proof of Theorem 1.2
The proof has two cases—the ﬁrst is where the target Y is a bouquet of spheres of ﬁnite type. By the
Hilton–Milnor theorem [19, p. 515] we have Y ≈∏Sn . In the product on the right
[Xn, Y ]
∼=−→[Xn,Y ]
∼=←−
∏

[Xn,Sn],
at most a ﬁnite number of factors are nontrivial since Xn is a ﬁnite complex and Y has ﬁnite type. The
bijection from the product is not a homomorphism in general (with respect to the product group structure)
but it is natural (being induced byWhitehead products). It thus decomposes {[Xn,Y ]} into a product of
towers and does the same for the image subtowers; for each n
Im[Xn, Y ] ≈←−
∏

Im[Xn,Sn].
As noted after Proposition 2.6, the theorem is true when Y is a sphere: Ph(X, Sn)= ∗, or equivalently
by 2.1 and 2.8, the tower Im[Xn,Sn] is Mittag–Lefﬂer. It is worth noting that this property does
not depend on a group structure. Hence there is a lower bound N = N(n, ) such that the image in the
subtower
Im[Xn+k, Sn] −→ Im[Xn, Sn],
is stable (or constant) for all kN . And, of course, for a given n, there are at most a ﬁnite number of s
such that N(n, )> 0. Hence for kmaxN(n, ), the images
Im[Xn+k,Y ] −→ Im[Xn,Y ]
coincide. This is true for each n and so the tower {Im[Xn,Y ]} has the Mittag–Lefﬂer property. By 2.8
and 2.1 we have Ph(X, Y )= ∗ when Y is a bouquet of spheres.
In the general case let g : W −→ Y be a map from a wedge of spheres to the target which, when
rationalized, becomes a homotopy equivalence. We would like to assert that for each n, the induced
homomorphism
Im[Xn,W ] g∗−→ Im[Xn, Y ],
has a ﬁnite cokernel. If so, then by 2.7, the induced morphism
lim←−
1Im[Xn,W ] g∗∗−→ lim←−
1Im[Xn, Y ],
is surjective. Having shown that the ﬁrst term is trivial, the result will follow.
But why should g∗ has a ﬁnite cokernels? This is where the extra hypothesis on Y comes in. Let h :
Y −→ W be a rational equivalence in the other direction. Now for each n, the induced homomorphisms
[Xn,W ] g∗−→[Xn, Y ] h∗−→[Xn,W ],
become isomorphisms when rationalized. Since the groups are ﬁnitely generated and nilpotent, this
is equivalent to saying that the kernel and cokernel of each homomorphism is ﬁnite [8, Section 1].
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Now restrict to the image subgroups
Im[Xn,W ] g∗−→ Im[Xn, Y ] h∗−→ Im[Xn,W ].
The endomorphism (hg)∗ is a rational equivalence on [Xn,W ] and on each of its invariant subgroups—in
particular on Im[Xn,W ]. It then follows that on the image subgroups displayed above, h∗ and hence
g∗ both have ﬁnite cokernels. The proof is complete.
Proof of Corollary 1.3. Part (1) is a special case of Theorem 2.1. In part (2), the existence of a rational
equivalence K −→ W follows from [14, Theorem 1]. The last case follows since the adjoint of a
phantom map of inﬁnite Gray index also has inﬁnite index. 
Proof of Corollary 1.4. Each generating set for ∗(Y ) yields a bouquet of spheres W and a map h :
W −→ Y which induces an epimorphism on ∗(Y ). The induced map Ph(X,W) h∗−→Ph(X, Y ) is
surjective by McGibbon and Roitberg [14, Theorem 2]. 
4. Proof of Theorem 1.5
Under the conditions stated, the groups Gn = [Xn, Y ] are ﬁnitely generated, nilpotent, with ﬁnite
commutator subgroups. The short exact sequence
∗ −→ [Gn,Gn] −→ Gn −→ Ab(Gn) −→ ∗,
induces an isomorphism between the lim←−
1 terms of G and its abelianization Ab(G). The abelian group
structure on Ph(X, Y ) comes via the isomorphisms Ph(X, Y ) ∼= lim←−
1G ∼= lim←−
1Ab(G). The same remarks
apply to the towers which determine Ph(X, Y ) and Ph(X/Xn, Y ). The morphisms in Lemma 2.2 respect
these identiﬁcations and are homomorphisms with respect to these structures.
Assume now that there exists an essential phantommapX −→ Y of inﬁnite Gray index.We will show
that the group Ph(X, Y ) must then contain Q/Z as a subgroup. The proof involves a closer look at the
exact sequence in Lemma 2.2
lim←−G
n−→ ImGn in−→Ph(X/Xn, Y ) j
∗
n−→Ph(X, Y ) −→ lim←−
1
k
Imk Gn −→ ∗.
By hypothesis, this is an exact sequence of groups whose third and fourth terms are abelian and divisible.
By Theorem 2.1 the tower {ImG} has a nontrivial lim←−
1 term. This implies that for n sufﬁciently large
the group ImGn must have inﬁnite cardinality. It is ﬁnitely generated, of course, being a subgroup of
Gn=[Xn, Y ]. Moreover the image of  : lim←−G −→ Gn cannot have ﬁnite index by Proposition 2.8(iii).
Again this holds for n sufﬁciently large. These facts force the image of in in Ph(X/Xn, Y ) to be a ﬁnitely
generated abelian group whose free part F has rank r1. The divisible hull of F is a rational vector
space V of rank r in Ph(X/Xn, Y ). By exactness, the image of V in Ph(X, Y ) is a subgroup isomorphic
to (Q/Z)r . 
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Proof of Corollary 1.6. According to Zabrodsky [20], the function space Map∗(X, Ŷ ) is weakly con-
tractible under the conditions stated. In particular, we have [X, Ŷ ] = ∗. Let F be the homotopy ﬁber of
the completion Y −→ Ŷ . From the exact sequence
[X, Ŷ ] −→ [X,F ] −→ [X, Y ] −→ [X, Ŷ ],
it follows that there is an isomorphism [X,F ] ∼=−→Ph(X, Y ). On the other hand, since F is a rational
H -space, the group [X,F ] a rational vector space. In particular, it is torsion-free.
The hypothesis of 1.6 implies a stronger result that the one stated. The condition [X, Ŷ ] = ∗, can be
restated as lim←− Ĝ= ∗. Proposition 2.4 then implies that Im
G is the trivial tower whereas 1.6 concludes
only that its lim←−
1 term vanishes. 
The converse of Theorem 1.5 is not true. For example, there exist essential phantom maps 2S5 −→
HP∞ [12, p. 1224], and each of them has Gray index 2. However, the group Ph(2S5,HP∞) contains
a subgroup isomorphic to Q/Z, [12, p. 1228].
Here is another application ofTheorem1.5. LetG andH be compact Lie groups both of nonzero rational
rank. McGibbon shows in [13] that the group of phantom maps Ph(BG,Q2n+1BH) is nontrivial for
each n1. Here the rational rank of [Xn, Y ] increases with n and so, in view of Proposition 2.6, this is
a reasonable place to look for a counterexample to Conjecture 1.1. However it is also shown in [13] that
these stable phantom groups are torsion free. Thus by Theorem 1.5, every essential stable phantom from
BG to BH has ﬁnite Gray index.
5. Final remark
In this paper, we have described the Gray index conjecture and have settled two interesting cases of it.
We close with a related unsolved problem. If f : X −→ Y is a phantom map with inﬁnite Gray index,
then so is the composite g ◦ f for any map g : Y −→ Y ′. On the other hand, we have seen that when
Y ′ has only a ﬁnite number of nonzero rational homotopy groups, there are no essential phantoms into it
with inﬁnite index. This raises the possibility of a converse; namely, if f : X −→ Y is a phantom such
that the composite g ◦ f is trivial whenever the target of g has the rational homotopy type of a Postnikov
section, does it follow that f has inﬁnite Gray index?
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